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We present a construction of Hadamard difference sets in abelian groups of
order 4p4n, whose Sylow p-subgroups are elementary. By a standard composition
procedure, we can now conclude that (4h2, 2h2 2 h, h2 2 h)-Hadamard difference
sets exist for h 5 2«1 3«2 u2, where «1 , «2 5 0 or 1 and u is a positive integer. We
then generalize the construction of Hadamard difference sets to construct a family
of (4q2n (q2n 2 1) /(q2 21), q2n21[2(q2n 2 1) /(q 1 1) 1 1], (q2n 2 q2n21 )(q2n21 1
1) /(q 1 1)-difference sets, where q is an even power of an odd prime or any power
of 3.  1997 Academic Press
1. INTRODUCTION
Given a group G, a subset D of G is called a (uGu, uDu, l)-difference
set if for every nonidentity element g in G, there are exactly l elements
(d, d9) in D 3 D such that d 5 gd9. For any subset X of G, we define
an element
O
g[X
g [ Z[G],
where Z[G] is the group ring of G, and by abusing the notation, we will
again denote it by X. With this convention, D being a (uGu, uDu, l)-difference
set is equivalent to
DD(21) 5 uDu 1 l(G 2 1)
in Z[G], where D(n) 5 og[D gn.
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A (uGu, uDu, l)-difference set D in a group G is called an Hadamard
difference set if
uGu 5 4h2, uDu 5 2h2 2 h, l 5 h2 2 h
for some positive integer h. It is so called because an Hadamard difference
set gives rise to an Hadamard matrix. Before Xia [15], the only known
examples of Hadamard difference sets had h 5 2a3b, where a and b are
nonnegative integers. Xia was the first one who constructed a family of
Hadamard difference sets with h divisible by primes p . 3 and p ; 3 (mod
4). For a more transparent viewpoint of Xia’s construction, we refer the
reader to Xiang and Chen [16]. By means of a computer search, van Eupen
and Tonchev [4] found examples of (2500,1225,600)-difference sets in
(Z/2Z)2 3 (Z/5Z)4. Inspired by these examples, Wilson and Xiang [14]
introduced a general method of constructing Hadamard difference sets in
abelian groups of order 4p4n with elementary abelian Sylow p-subgroups
by using spreads (see [5] for the definition) and projective two weight codes
(see [2] for the definition). However, the existence of such combinations
of spreads and projective two weight codes has not yet been confirmed for
p ; 1 (mod 4), except for a few examples in [14]. In this paper we prove
the existence of Hadamard difference sets by constructing those suitable
spread and projective two weight codes from relative (q 1 1, 2, q,
(q 2 1)/2)-difference sets.
In [3], Davis and Jedwab pointed out that there are similarities in the
currently known methods of constructing the following families of differ-
ence sets:
Hadamard difference sets (h $ 1),
uGu 5 4h2,
uDu 5 2h2 2 h,
l 5 h2 2 h;
McFarland difference sets (q a prime power and m $ 1),
uGu 5 qm Sqm 2 1q 2 1 1 1D,
uDu 5 qm21 q
m 2 1
q 2 1
,
l 5 qm21
qm21 2 1
q 2 1
;
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Spence difference sets (s $ 1),
uGu 5 3
s(3s 2 1)
2
,
uDu 5 3
s21(3s 1 1)
2
,
l 5
3s21(3s21 1 1)
2
.
This keen observation, together with a recursive procedure, led them to
the discovery of
Davis–Jedwab difference sets (d $ 1),
uGu 5 2
2d12(22d 2 1)
3
,
uDu 5 2
2d21(22d11 1 1)
3
,
l 5
22d21(22d21 1 1)
3
.
It is also asked in [3] whether there are other difference sets which can be
constructed in a similar fashion. We will devote the last section of this
paper to this problem. More specifically, we will construct a new family of
difference sets in the same spirit as those difference sets mentioned above.
These new difference sets have the parameters
uGu 5 4q2n q
2n 2 1
q2 2 1
,
uDu 5 q2n21 F2(q2n 2 1)q 1 1 1 1G ,
l 5 (q2n 2 q2n21 )
q2n21 1 1
q 1 1
,
where q is an even power of an odd prime or any power of 3. They
correspond to a family of new symmetric designs with the same parameters
as the difference sets. The construction of these new difference sets has
close resemblance to the constructions of McFarland difference sets [9]
and Spence difference sets [11] in which the hyperplane structure of a
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vector space over a finite field is essential. As a matter of fact, when q 5
3, these difference sets coincide with Spence difference sets for s even.
Besides these similarities, the construction of these new difference sets is
merely a generalization of our construction of Hadamard difference sets.
When n 5 1, these new difference sets are nothing but Hadamard difference
sets. Also it is interesting to note that if we set q 5 2 in these new parameters,
we recover the parameters of Davis–Jedwab difference sets.
The rest of the paper is organized as follows. In Section 2, we will
review the definition and basic properties of relative difference sets. We
are particularly interested in (q 1 1, 2, q, (q 2 1)/2)-relative difference
sets. Then we partition the group GF(q2)1 into four subsets with certain
desirable properties. In Section 3, we use the partition obtained in Sec-
tion 2 to give a construction of four projective ((q 1 1)(q2 1 1)/4, 4,
(q 2 1)2/4, (q 1 1)2/4)-sets which form a partition of PG(3, q). In Section
4, we invoke the theorem in Wilson and Xiang [14] to give Hadamard
difference sets. In Section 5, we generalize the construction of Hadamard
difference sets to construct a new family of difference sets.
Before we proceed any further, we list the notations that will be used
throughout this paper:
q :5 a power of an odd prime p,
GF(qn) :5 the Galois field with qn elements,
GF(qn)1 :5 the additive group of GF(qn),
GF(qn)* :5 the multiplicative group of GF(qn) 2 h0j,
Sqn :5 the set of all nonzero squares of GF(qn),
Nqn :5 the set of all nonsquares of GF(qn),
Trqn :5 the absolute trace from GF(qn) to GF(p),
Trqn/q :5 the relative trace from GF(qn) to GF(q),
V k(qn) :5 a k dimensional vector space over GF(qn).
For the detailed discussion of absolute and relative trace maps of finite
fields, we recommend some standard textbooks such as [6–8]. The charac-
ters of the group (GF(qn)1)m are given by the following. Let j be a fixed
primitive pth root of unity, a 5 (a1 , a2 , . . . , am ) [ (GF(qn)1)m, define
a group homomorphism
x [(q
n)m]
a : (GF(qn)1)m R C*,
x [(q
n)m]
a (b1 , b2 , . . . , bm) 5 jTrqn (o
m
i51 ai bi),
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where C* is the multiplicative group of nonzero complex numbers. We
will suppress the superscript [(qn )m] if there is no confusion. These group
homomorphisms can be easily extended to ring homomorphisms from
Z[(GF(qn)1)m] to C. In order to show X 5 Y in Z[(GF(qn)1)m], thanks to
the Fourier inversion formula, we only have to verify xa (X) 5 xa (Y) for
every a [ (GF(qn)1)m.
2. RELATIVE (q 1 1, 2, q, (q 2 1)/2)-DIFFERENCE SETS AND A
PARTITION OF GF(q2)1
Relative (q 1 1, 2, q, (q 2 1)/2)-difference sets play a major role in our
construction of projective ((q 1 1)(q2 1 1)/4, 4, (q 1 1)2/4, (q 2 1)2/4)-
sets. In this section, we first review some of the known facts and results
about relative (q 1 1, 2, q, (q 2 1)/2)-difference sets. For the detailed
discussion of these results, we refer the reader to Pott [10]. We then use
these facts and results to give a partition of GF(q2)1 which is critical for
the next section.
Let G be a group and H a subgroup of G. A subset R of G is called a
relative (uGu/uH u, uH u, uRu, l)-difference set in G relative to H if for every
g in G 2 H, there exist exactly l elements (r, r 9) in R 3 R such that r 5
gr 9, and for any nonidentity element h in H, there is no (r, r 9) in R 3 R
with r 5 hr 9. Using the group ring notation, R being a relative (uGu/uH u,
uH u, uRu, l)-difference set in a group G relative to a subgroup H of G is
equivalent to
RR(21) 5 uRu 1 l(G 2 H).
Note that when H 5 1, a relative difference set is actually a difference set.
An alternative description of the relative difference set R is that
ugR > Ru 5 l, if g [ G 2 H,
ugR > Ru 5 0, if g [ H 2 h1j.
From the definition of a relative difference set, it is easy to see that if R
is a relative (uGu/uH u, uH u, uRu, l)-difference set in a group G relative to
a subgroup H of G, and N is a normal subgroup of G and is contained in
H, the homomorphic image from G to G/N of R is a relative (uGu/uH u,
uH u/uNu, uRu, luNu)-difference set in G/N relative to H/N.
The following theorem can be found in Pott [10].
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THEOREM 2.1.
R 5 ha [ GF(qn)*uTrqn/q (a) 5 1j
is a relative ((qn 2 1)/(q 2 1), q 2 1, qn21, qn22 )-difference set in GF(qn)*
relative to GF(q)*.
We therefore have
COROLLARY 2.2.
R 5 ha [ GF(q2)*/Squa [ GF(q2)* and Trq2/q (a) [ Sqj
is a relative (q 1 1, 2, q, (q 2 1)/2)-difference set in GF(q2)*/Sq relative to
GF(q)*/Sq .
We denote
f : GF(q2)* R GF(q2)*/Sq
the natural surjection from GF(q2)* to GF(q2)*/Sq and let
X 5 f 21(R) , GF(q2)*
be the preimage of R in GF(q2)*; then
X 5 ha [ GF(q2)uTrq2/q(a) [ Sqj.
For every g [ GF(q2)*, define
X g 5 hgaua [ X j.
Obviously, X g 5 f 21(gR) and
X > X g 5 f 21(R) > f 21(gR) 5 f 21(R > gR).
From the alternative description of a relative difference set, one has
X 5 X g, if g [ Sq ,
X > X g 5 0y, if g [ Nq ,
uX > X gu 5 (q 2 1)
2
4
, if g [ GF(q2) 2 GF(q).
(A)
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In the case that g [ Nq , we denote the X g by X 9. Apparently
X 9 5 ha [ GF(q2)uTrq2/q(a) [ Nqj.
When we consider X as a subset of GF(q2)1, we have the following.
LEMMA 2.3. For any g [ GF(q2) 2 GF(q), xg(X) 5 0. In particular,
xg(X) 5 0 for every g [ Nq2 .
Proof.
xg (X) 5 O
a[X
j Trq2(ga)
5 O
a[X
j Trq(Trq2/q(ga))
5 O
a[Xg
j Trq(Trq2/q(a))
5 O
a[X>Xg
j Trq(Trq2/q(a)) 1 O
a[X 9>Xg
j Trq(Trq2/q(a))
1 O
a[Xg 2(X<X 9)
j Trq(Trq2/q(a)).
From the definition of X, we know that X is the union of cosets of Sq as
a subgroup of GF(q2)*, and so are the sets X > X g and X 9 > X g. The
relative trace map Trq2/q maps each one of the cosets in X > X g bijectively
onto Sq and each one of those in X 9 > X g onto Nq . The numbers of cosets
of Sq in X > X g and X 9 > X g are both equal to (q 2 1)/2 and we
have, therefore,
O
a[X>Xg
j Trq(Trq2/q(a)) 5
q 2 1
2
x[(q)]1 (Sq)
and
O
a[X 9>Xg
j Trq(Trq2/q(a)) 5
q 2 1
2
x[(q)]1 (Nq).
The remaining (q 2 1)/2 elements a [ X g 2 (X < X 9) clearly belong to
the set ha [ GF(q2)uTrq2/q(a) 5 0j; hence,
xg(X) 5
q 2 1
2
x[(q)]1 (GF(q)1) 5 0.
Notice that Nq2 , GF(q2) 2 GF(q), hence xg(X) 5 0 for every g [ Nq2
and the proof is completed.
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For any a [ GF(q2)*, we know that xa(Sq2) and xa(Nq2) only depend on
the image of a in GF(q2)*/Sq2 . In other words, they only depend on the
fact that a is in Sq2 or Nq2 and do not depend on the particular choice of
the element a in Sq or Nq. If P is either Sq2 or Nq2, we will denote xa(P)
by xS(P) for any a [ Sq2 and xb(P) by xN(P) for any b [Nq2. We then define
a 5 xS(Sq2) 5 xN(Nq2),
b 5 xS(Nq2) 5 xN(Sq2),
(B)
c 5
(a 2 b)q 2 q2
2q2
,
d 5
2(a 2 b)q 2 q2
2q2
.
The values of a and b can be computed from either the values of quadratic
Gauss sums [6–8] or uniform cyclotomy [1]. They are
ha, bj 5 Hq 2 12 , q 2 12 2 qJ. (C)
Therefore,
hc, d j 5 h0, 2 1j.
We are now ready for the following partition of GF(q2)1.
LEMMA 2.4. There exist four subsets, X1 , X2 , X3 , and X4 , of GF(q2)1,
such that
uX1u 5 uX2u 5
q2 2 1
4
, uX3u 5
(q 2 1)2
4
, uX4u 5
(q 1 1)2
4
, (1)
X1 1 X2 1 X3 1 X4 5 GF(q2)1, (2)
X1Sq2 1 X2 Nq2 1 bX3 1 aX4 5 Sq2 2 14 1 cDGF(q2)1, (3)
X1 Nq2 1 X2Sq2 1 aX3 1 bX4 5 Sq2 2 14 1 dDGF(q2)1, (4)
bX1 1 aX2 1 X3Sq2 1 X4 Nq2 5
q2 2 1
4
GF(q2)1, (5)
aX1 1 bX2 1 X3 Nq2 1 X4Sq2 5
q2 2 1
4
GF(q2)1. (6)
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Proof. We fix a g [ Nq2 and let
X1 5 X 2 (X > Xg),
X2 5 Xg 2 (X > Xg),
X3 5 X > Xg,
X4 5 GF(q2)1 2 (X < Xg)
5 GF(q2)1 2 X1 2 X2 2 X3 .
Formulas (1) and (2) follow from (A). Formulas (3) through (6) can be
verified using the characters of GF(q2)1. For instance, in order to check
identity (3), we first apply x0 and get
x0 (X1 Sq2 1 X2 Nq2 1 bX3 1 aX4 )
5 uX1 uuSq2u 1 uX2 uuNq2u 1 buX3u 1 auX4u
5
(q2 2 1)2
4
1 b
(q 2 1)2
4
1 a
(q 1 1)2
4
5 Sq2 2 14 1 cD uGF(q2)1u
5 x0SSq2 2 14 1 cDGF(q2)1D.
If a [ Sq2 ,
xa (X1 Sq2 1 X2 Nq2 1 bX3 1 aX4 )
5 axa(X1 ) 1 bxa(X2 ) 1 bxa(X3 ) 1 axa(X4 )
5 axa(X1 1 X4 ) 1 bxa(X2 1 X3 )
5 axa(GF(q2)1 2 Xg) 1 bxa(Xg )
5 axa(GF(q2)1) 1 (b 2 a)xa(Xg )
5 axa(GF(q2)1) 1 (b 2 a)xag(X).
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If a [ Nq2 ,
xa (X1 Sq2 1 X2 Nq2 1 bX3 1 aX4 )
5 bxa(X1 ) 1 axa(X2 ) 1 bxa(X3 ) 1 axa(X4 )
5 axa(X2 1 X4 ) 1 bxa(X1 1 X3 )
5 axa(GF(q2)1 2 X) 1 bxa(X)
5 axa(GF(q2)1) 1 (b 2 a)xa(X).
Hence by Lemma 2.3,
xa(X1Sq2 1 X2Nq2 1 bX3 1 aX4 ) 5 0 5 xa SSq2 2 14 1 cDGF(q2)1D
for all a ? 0 and (3) is done. We leave the rest of the proof to the reader.
Remark 1. The interesting information that Lemma 2.4 contains is the
following. We know that
S(21)q2 5 Sq2, N
(21)
q2 5 Nq2.
By (2), we can rewrite (3), (4), (5), and (6) as
X1 S
(21)
q2 1 X2 N
(21)
q2
5 Sq2 2 14 1 cDX1 1 Sq2 2 14 1 cDX2
1 Sq2 2 14 1 c 2 bDX3 1 Sq2 2 14 1 c 2 aDX4 , (39)
X1 N
(21)
q2 1 X2 S
(21)
q2
5 Sq2 2 14 1 dDX1 1 Sq2 2 14 1 dDX2
1 Sq2 2 14 1 d 2 aDX3 1 Sq2 2 14 1 d 2 bDX4 , (49)
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X3 S
(21)
q2 1 X4 N
(21)
q2
5 Sq2 2 14 2 bDX1 1 Sq2 2 14 2 aDX2
1 Sq2 2 14 DX3 1 Sq2 2 14 DX4 , (59)
X3 N
(21)
q2 1 X4 S
(21)
q2
5 Sq2 2 14 2 aDX1 1 Sq2 2 14 2 bDX2
1 Sq2 2 14 DX3 1 Sq2 2 14 DX4 . (69)
Now we can read off
uaX1 > Sq2u 1 uaX2 > Nq2 u ,
uaX1 > Nq2u 1 uaX2 > Sq2 u ,
uaX3 > Sq2u 1 uaX4 > Nq2 u ,
uaX3 > Nq2u 1 uaX4 > Sq2 u
by simply finding the coefficients of 2a [ GF(q2) in
X1 S
(21)
q2 1 X2 N
(21)
q2 ,
X1 N
(21)
q2 1 X2 S
(21)
q2 ,
X3 S
(21)
q2 1 X4 N
(21)
q2 ,
X3 N
(21)
q2 1 X4 S
(21)
q2 ,
respectively. We should remind the reader here that aX1 , aX2 , aX3 , and
aX4 are the translation of X1 , X2 , X3 , and X4 by a in GF(q2) because the
above identities are in the group ring Z[GF(q2)1].
3. PROJECTIVE ((q 1 1)(q2 1 1)/4, 4, (q 1 1)2/4, (q 2 1)2/4)-SETS
A subset in a k-dimensional vector space V k(q) over GF(q) is a projective
subset if it is contained in V k(q) 2 h0j and invariant under the action of
scaler multiplication of GF(q)*. Each GF(q)* orbit is a projective point in
PG(k 2 1, q) 5 (V k(q) 2 h0j)/GF(q)*.
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A projective subset C in V k(q) is called a projective (n, k, h1 , h2)-set if C
contains n projective points and every hyperplane in PG(k 2 1, q) meets
C in either h1 or h2 (projective) points. The survey paper [2] provides a
detailed discussion of projective (n, k, h1 , h2)-sets and their connections
with projective two-weight codes and strongly regular Cayley graphs.
In this section, we construct the projective ((q 1 1)(q2 1 1)/4, 4,
(q 1 1)2/4, (q 2 1)2/4)-sets. We view GF(q2) 3 GF(q2) as a four-dimensional
vector space over GF(q). To prove a projective subset C of GF(q2) 3
GF(q2) is a projective ((q 1 1)(q2 1 1)/4, 4, (q 1 1)2/4, (q 2 1)2/4)-set,
we only have to show that
x0,0(C) 5
q4 2 1
4
and
xa1 ,a2 (C) 5
q2 2 1
4
or
q2 2 1
4
2 q2
for all nonprincipal characters of GF(q2) 3 GF(q2) (see [2] or [14] for
details). From (B) and (C) in Section 2, we can always find Pq2 [ hSq2 ,
Nq2j such that
xS(Pq2) 5
q 2 1
2
, xN(Pq2) 5
q 2 1
2
2 q.
Then the other one, denoted by Qq2 , will have
xS(Qq2) 5
q 2 1
2
2 q, xN(Qq2) 5
q 2 1
2
.
Suppose X1 , X2 , X3 , and X4 are as in Lemma 2.4. Let
C0 5 h(b, cb)ub [ Sq2 , c [ X1 j < h(b, cb)ub [ Nq2 , c [ X2 j < h(0, b)ub [ Qq2j,
C1 5 h(b, cb)ub [ Sq2 , c [ X3 j < h(b, cb)ub [ Nq2 , c [ X4 j,
C2 5 h(b, cb)ub [ Nq2 , c [ X1 j < h(b, cb)ub [ Sq2 , c [ X2 j < h(0, b)ub [ Pq2j,
C3 5 h(b, cb)ub [ Nq2 , c [ X3 j < h(b, cb)ub [ Sq2 , c [ X4 j.
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We have
THEOREM 3.1. C0 , C1 , C2 , and C3 are projective ((q 1 1)(q2 1 1)/4, 4,
(q 1 1)2/4, (q 2 1)2/4)-sets.
Proof. Since GF(q)* is contained in Sq2 it is easy to check that C0 , C1 ,
C2 , and C3 are projective sets. We calculate the character values of C0
as follows.
For any a1 , a2 [ GF(q2)1,
xa1 ,a2 (C0) 5 O
b[Sq2,c[X1
j Trq2(a1b1a2cb) 1 O
b[Nq2,c[X2
j Trq2(a1b1a2cb) 1 O
b[Qq2
j Trq2(a2b)
5 O
c[X1
xa11a2c(Sq2) 1 O
c[X2
xa11a2c(Nq2) 1 xa2(Qq2).
If a1 5 a2 5 0,
x0,0(C0) 5 uC0u 5
q4 2 1
4
.
If a1 ? 0 and a2 5 0,
xa1,0 5 O
c[X1
xa1(Sq2) 1 O
c[X2
xa1(Nq2) 1
q2 2 1
2
5
q2 2 1
4
.
If a2 [ Sq2 , we set a 5 a1a212 , then
xa1 ,a2 (C0) 5 O
c[X1
xa2(a1a
(21)
2 1c)
(Sq2) 1 O
c[X2
xa2(a1a
(21)
2 1c)
(Nq2) 1 xa2(Qq2)
5 O
c[X1
xa1c(Sq2) 1 O
c[X2
xa1c(Nq2) 1
q 2 1
2
2 q
5 O
c[aX1
xc(Sq2) 1 O
c[aX2
xc(Nq2) 1
q 2 1
2
2 q
5 O
c[aX1>Sq2
xc(Sq2) 1 O
c[aX1>Nq2
xc(Sq2) 1 O
c[aX1> h0j
xc(Sq2)
1 O
c[aX2>Sq2
xc(Nq2) 1 O
c[aX2>Nq2
xc(Nq2) 1 O
c[aX2> h0j
xc(Nq2)
1
q 2 1
2
2 q
ABELIAN HADAMARD DIFFERENCE SETS 247
5 uaX1 > Sq2ua 1 uaX1 > Nq2ub 1 uaX1 > h0ju
q2 2 1
2
1 uaX2 > Sq2ub 1 uaX2 > Nq2ua 1 uaX2 > h0ju
q2 2 1
2
1
q 2 1
2
2 q
5 (uaX1 > Sq2u 1 uaX2 > Nq2u)a 1 (uaX1 > Nq2u 1 uaX2 > Sq2u)b
1 ua(X1 < X2 ) > h0ju
q2 2 1
2
1
q 2 1
2
2 q.
The sets X1 , X2 , X3 , and X4 form a partition of GF(q2). When 2a [
X1 < X2 , 0 [ a(X1 < X2). By Lemma 2.4 and Remark 1,
xa1,a2 (C0) 5 Sq2 2 14 1 cD a 1 Sq2 2 14 1 dD b 1 q2 2 12 1 q 2 12 2 q
5
q2 2 1
4
1 ac 1 bd 1
q 2 1
2
2 q
5
q2 2 1
4
.
When 2a [ X3 ,
xa1,a2 (C0) 5 Sq2 2 14 1 c 2 bD a 1 Sq2 2 14 1 d 2 aD b 1 q 2 12 2 q
5 2
q2 2 1
4
1 ac 1 bd 2 2ab 1
q 2 1
2
2 q
5
q2 2 1
4
.
When 2a [ X4 ,
xa1,a2 (C0) 5 2
q2 2 1
4
1 ac 1 bd 2 a2 2 b2 1
q 2 1
2
2 q
5
q2 2 1
4
2 q2 .
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If a2 [ Nq2 , we again set a 5 a1a212 , then
xa1 ,a2 (C0) 5 O
c[X1
xa2(a1a
(21)
2 1c)
(Sq2) 1 O
c[X2
xa2(a1a
(21)
2 1c)
(Nq2) 1 xa2(Qq2)
5 O
c[X1
xa1c(Nq2) 1 O
c[X2
xa1c(Sq2) 1
q 2 1
2
5 O
c[aX1
xc(Nq2) 1 O
c[aX2
xc(Sq2) 1
q 2 1
2
5 O
c[aX1>Sq2
xc(Nq2) 1 O
c[aX1>Nq2
xc(Nq2) 1 O
c[aX1> h0j
xc(Nq2)
1 O
c[aX2>Sq2
xc(Sq2) 1 O
c[aX2>Nq2
xc(Sq2) 1 O
c[aX2> h0j
xc(Sq2)
1
q 2 1
2
5 uaX1 > Sq2ub 1 uaX1 > Nq2ua 1 uaX1 > h0ju
q2 2 1
2
1 uaX2 > Sq2ua 1 uaX2 > Nq2ub 1 uaX2 > h0ju
q2 2 1
2
1
q 2 1
2
5 (uaX1 > Sq2u 1 uaX2 > Nq2u)b 1 (uaX1 > Nq2u 1 uaX2 > Sq2u)a
1 ua(X1 < X2 ) > h0ju
q2 2 1
2
1
q 2 1
2
.
When 2a [ X1 < X2 , again 0 [ a(X1 < X2), then
xa1,a2 (C0) 5 Sq2 2 14 1 cD b 1 Sq2 2 14 1 dD a
1
q2 2 1
2
1
q 2 1
2
5
q2 2 1
4
1 ad 1 bc 1
q 2 1
2
5
q2 2 1
4
.
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When 2a [ X3 ,
xa1,a2 (C0) 5 Sq2 2 14 1 c 2 bD b 1 Sq2 2 14 1 d 2 aD a
1
q 2 1
2
5 2
q2 2 1
4
1 ad 1 bc 2 a2 2 b2 1
q 2 1
2
5
q2 2 1
4
2 q2 .
When a [ X4 ,
xa1,a2 (C0) 5 Sq2 2 14 1 c 2 aD b 1 Sq2 2 14 1 d 2 bD a
1
q 2 1
2
5 2
q2 2 1
4
1 ad 1 bc 2 2ab 1
q 2 1
2
5
q2 2 1
4
.
So C0 is a projective ((q 1 1)(q2 1 1)/4, 4, (q 1 1)2/4, (q 2 1)2/4)-set! We
leave the verification of C1 , C2 , and C3 to the reader.
4. THE CONSTRUCTION OF HADAMARD DIFFERENCE SETS
In this section, we use the theorem of Wilson and Xiang [14] to construct
Hadamard difference sets. For the sake of completeness, we give a proof
of the theorem which is slightly different from the one given in [14].
For each c [ GF(q2), define
Lc 5 h(b, bc) [ GF(q2) 3 GF(q2)ub [ GF(q2)*j,
and define
Ly 5 h(0, b) [ GF(q2) 3 GF(q2)ub [ GF(q2)*j.
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This is a regular spread of PG(3, q). By the definition of C0 , C1 , C2 , and
C3 , it is clear that
C0 < C2 5 Ly < S <
c[X1<X2
LcD
and
C1 < C3 5 <
c[X3<X4
Lc .
THEOREM 4.1. Let L1 , L2 , . . . , Lq211 be a spread of PG(3, q). If there
exist four projective ((q 1 1)(q2 1 1)/4, 4, (q 2 1)2/4, (q 1 1)2/4)-sets
C0 , C1 , C2 , and C3 in V 4(q) such that
C0 1 C2 5 O(q211)/2
i51
Li
and
C1 1 C3 5 Oq211
i5(q213)/2
Li ,
then there is a (4q4, 2q4–q2, q4–q2)-Hadamard difference set in the group
K 3 V 4(q), where K is a group of order 4.
Proof. First we let U be a subset of h1, 2, . . . , (q2 1 1)/2j and V be
a subset of h1 1 (q2 1 1)/2, 2 1 (q2 1 1)/2, . . . , q2 1 1j with uU u 5
uV u 5 (q2 2 1)/4. Define
D0 5 C0 < S<
i[V
LiD ,
D1 5 C1 < S<
i[U
LiD ,
D2 5 C2 < S<
i[V
LiD ,
D3 5 C3 < S<
i[U
LiD .
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Also we define Hi 5 Li 1 1 in the group ring of V 4(q), then Hi Hj 5 V 4(q)
for i ? j and H 2i 5 q2Hi . Thus,
D0 D
(21)
0 1 D1 D
(21)
1 1 D2 D
(21)
2 1 D3 D
(21)
3
5 SC0 1 O
i[V
LiD2 1 SC1 1 O
i[U
LiD2 1 SC2 1 O
i[V
LiD2
1 SC3 1 O
i[U
LiD2
5 C20 1 C22 1 2(C0 1 C2) SO
i[V
LiD1 2 SO
i[V
LiD2
1 C21 1 C23 1 2(C1 1 C3) SO
i[U
LiD1 2 SO
i[U
LiD2
5 C20 1 C22 1 2 1 O(q
2
11)/2
i51
Hi 2
q2 2 1
2 2 SOi[V Hi 2 q2 2 14 D
1 2 SO
i[V
Hi 2
q2 2 1
4 D2 1 C21 1 C23
1 2 1 Oq
2
11
i5 (q213)/2
Hi 2
q2 1 1
2 2 SOi[U Hi 2 q2 2 14 D
1 2 SO
i[U
Hi 2
q2 2 1
4 D2
5 C20 1 C21 1 C22 1 C23 1
q4 2 1
4
1
(q2 2 1)(3q2 2 5)
4
V 4(q).
For each nonprincipal character xa of V 4(q) and 0 # i # 3,
xa (Ci ) 5
q2 2 1
4
or
q2 2 1
4
2 q2
and
xa (C0) 1 xa (C1 ) 1 xa (C2) 1 xa (C3 ) 5 xa(V 4(q) 2 h0j) 5 2 1.
This shows that there is exactly one Ci with xa (Ci ) 5 (q2 2 1)/4 2 q2 and
the others are xa (Cj ) 5 (q2 2 1)/4, where j ? i. Therefore,
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xa(D0 D
(21)
0 ) 1 xa(D1 D
(21)
1 ) 1 xa(D2 D
(21)
2 ) 1 xa(D3 D
(21)
3 ) 5 q4. (p)
On the other hand,
xa SO
i[U
LiD and xa SO
i[V
LiD5 2 q2 2 14 or 2 q2 2 14 1 q2.
Thus,
xa (Di) 5 6q2 or 0. (pp)
Combining (p) and (pp), we can see that for every nonprincipal character
xa of V 4(q), there is exactly one Di with xa(Di) 5 6q2 and the other three
have xa(Dj) 5 0. Now if K 5 hs0 , s1 , s2 , s3 j, define
D 5 s0 (V 4(q) 2 D0 ) 1 s1 D1 1 s2 D2 1 s3 D3 .
Then D is a subset of K 3 V 4(q) and uDu 5 2q4 2 q2. For any nonprincipal
character x of K 3 V 4(q),
ux(D)u 5 ux(si )x(Di )u 5 q2
for some i when xuV4(q) is nonprincipal, and
ux(D)u 5 Ux(s0) Sq4 2 q4 2 q22 D1 x(s1) q4 2 q22
1x(s2)
q4 2 q2
2
1 x(s3)
q4 2 q2
2 U
5 ux(s0)(q2)u 5 q2
when xuV4(q) is principal and xuK is nonprincipal. So by the Fourier inversion
formula, D is an Hadamard difference set.
Remark 2. As we can see from the proof of Theorem 4.1, the projectivity
of C0 , C1 , C2 , and C3 are not required. What we need here is the character
values of C0 , C1 , C2 , and C3 and the way they partition V 4(q) 2 h0j.
Remark 3. When K > Z/2Z 3 Z/2Z, D is reversible since x(D) [ Z
for any character x of K 3 V 4(q).
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Finally, Theorem 3.1, Theorem 4.1, and a composition theorem of Turyn
[12] imply
COROLLARY 4.2. Abelian (4h2, 2h2 2 h, h2 2 h)-Hadamard difference
sets exist whenever h 5 2«1 3«2 u2, where u is any positive integer and «1 , «2 [
h0, 1j.
Remark 4. It is well known that not every group of order 4h2 with h 5
2«1 3«2 u2 contains Hadamard difference sets. In order to have an Hadamard
difference set, the group has to satisfy certain exponent bounds, such as
Turyn’s exponent bound [13]. For the groups which are currently known
to contain Hadamard difference sets, we refer the reader to [3].
5. THE CONSTRUCTION OF NEW DIFFERENCE SETS
In this section, we give a construction of new difference sets which is a
natural generalization of the construction of Hadamard difference sets in
the previous sections. They are (4q2n(q2n 2 1)/(q2 2 1), q2n21[2(q2n 2 1)/
(q 1 1) 1 1], (q2n 2 q2n21)(q2n21 1 1)/(q 1 1))-difference sets with q an
even power of an odd prime or any power of 3. If we restate Theorem 3.1
and Theorem 4.1 in terms of GF(q4) instead of GF(q2) 3 GF(q2), we have
proven the following.
RESTATEMENT. There exist D0 , D1 , D2 , and D3 in GF(q4) 2 h0j with
uDiu 5 (q4 2 q2)/2, for i 5 0, 1, 2 and 3, such that for every a [ GF(q4)*,
xa(Di) 5 6q2 for exactly one Di and xa(Dj) 5 0 for all other Dj s.
We generalize this result as follows.
THEOREM 5.1. There exist subsets U1 , U2 , . . . , Um in [GF(q4)]n 5
V n(q4), where m 5 4(q4n 2 1)/(q4 2 1), with uUiu 5 (q4n 2 q4n22)/2 for all
i, such that for every nonprincipal character x of V n(q4), x(Ui) 5 6q4n22
for exactly one Ui and x(Uj) 5 0 for all other Uj s.
Proof. We know that V n(q4) has (q4n 2 1)/(q4 2 1) hyperplanes. For
each hyperplane H in V n(q4), there is a natural surjection
fH : V n(q4) R V n(q4)/H > GF(q4).
Since GF(q4) contains subsets D0 , D1 , D2 , and D3 , we can find preimages
f 21H (D0), f
21
H (D1), f
21
H (D2), and f
21
H (D3) of D0 , D1 , D2 , and D3 in V n(q4).
When H runs through all hyperplanes, we get our m 5 4(q4n 2 1)/
(q4 2 1) preimages which will be the subsets U1 , U2 , . . . , Um in V n(q4).
Given any nonprincipal character x of V n(q4), there is a unique hyperplane
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Hx , Ker x, and thus, there is a unique nonprincipal character xa of GF(q4),
such that
x 5 xa n f Hx .
If U 5 f 21H (Di) and H ? Hx , then x(U) 5 0 because U is the union of
cosets of H. If Us1i 5 f
21
Hx
(Di), i 5 0, 1, 2, 3, then
x(Us1i) 5 xa(fHx (Us1i )) 5 xa(q
4n24 Di).
Therefore, by the restatement, the proof of Theorem 5.1 is completed.
Remark 5. This theorem can be generalized in the setting of building
sets and extended building sets, introduced by Davis and Jedwab [3], in
elementary abelian p-groups with exactly the same proof. For example,
because of the existence of (3, 3, 4, 1)-covering extended building sets
in the group GF(32) and a composition theorem proved in [3], there
are (3t(3t 2 1)/2, 3t, 4, 1)-covering extended building sets in GF(32t ). Then
there are (32(n21)t(3t 2 1)/2, 3(2n21)t, 4(32nt 2 1)/(32t 2 1), 1)-covering
extended building sets in V n(32t).
COROLLARY 5.2. There exist (4q2n(q2n 2 1)/(q2 2 1), q2n21[2(q2n 2 1)/
(q 1 1) 1 1], (q2n 2 q2n21)(q2n21 1 1)/(q 1 1))-difference sets in the group
K 3 V n(q2), where K is any group of order 4(q2n 2 1)/(q2 2 1), for the
following cases:
(1) q is an even power of an odd prime,
(2) q is a power of 3.
Proof. Let K 5 hs1 , s2 , . . . , smj, where m 5 uK u 5 4(q2n 2 1)/
(q2 2 1), and U1 , U2 , . . . , Um as in Theorem 5.1 or Remark 5. Define
D 5 Om21
i51
siUi 1 sm(V n(q2) 2 Um).
From the definition of the Ui’s and their character values, it is easy to
check that
U (21)i 5 Ui , i 5 1, 2, . . . , m,
UiU
(21)
j 5
(qn 2 qn21)2
4
V n(q2), i ? j,
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and
Om
i51
UiU
(21)
i 5 q4n22 1 q2n22 F(q 2 1)(q2n 2 1)q 1 1 2 1G V n(q2).
Thus
DD(21) 5 q2n21F2(q2n 2 1)q 1 1 1 1G1 (q2n 2 q2n21) q2n21 1 1q 1 1 (K 3 V n(q2) 2 1)
and D is a (4q2n(q2n 2 1)/(q2 2 1), q2n21[2(q2n 2 1)/(q 1 1) 1 1],
(q2n 2 q2n21)(q2n21 1 1)/(q 1 1))-difference set in the group K 3 V n(q2).
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